We define in this paper the notion of gerbed tower. This enables us to interpret geometrically cohomology classes without using the notion of n-category. We use this theory to study sequences of affine maps between affine manifolds, and the cohomology of manifolds.
Introduction
In mathematics, a theory is defined by axioms which describe relations between elements of a set. The purpose of mathematicians is to classify these elements by defining structures modelled on reference objects. In geometry, a structure modelled on the space L, is defined on a topological set N , by a Cech 0-chain whose boundary reflects properties of L. For example, a n-differentiable manifold is defined by an atlas (U i ) i∈I , and charts φ i : U i → IR n , such that φ j •φ −1
i is a differentiable map, here the model L is IR n , and the property reflected is the differentiability. The manifold is obtained by gluing the sets φ i (U i ) using the 1-cocycle h ij = φ j • φ −1 i . Alternatively, a structure is defined by gluing a family of sets N i using a cocycle h ij . Often the sets N i are related to the model in the sense that each of them is endowed with a L-structure. The natural problem to determine if a given topological space N can be endowed with a structure modelled on L, leads to the notion of sheaf of categories. When the structure exists locally, that is when there exists an open cover (N i ) i∈I of N , such that each N i is endowed with a L-structure, the existence of the L-structure on N is equivalent to determine whether the cohomology class of a 2-Cech cocycle is trivial. This has motivated the definition of a 2-structure called gerbe, which is classified in geometry by a 2-Cech cocycle. The natural problem which occurs is to provide geometric conditions which insure a 2-Cech chain to define a 2-type structure,..., a n-Cech chain to define a n-type structure. On this purpose, one needs to give a geometric interpretation of Cech cohomology classes. Unfortunately, the notion of n-category needed to define n-structures is not well-understood. The main goal of this paper is to interpret Cech classes geometrically, by defining the notion of commutative ngerbed tower. These are sequences of 2-categories F n → F n−1 ...F 2 → F 1 , where F 1 is a gerbe defined on a topos N . A commutative n-gerbed tower satisfy conditions which allow to attach to it a family of p-Cech cohomology classes ( 
, is associated to a n + 1-gerbed tower.
An example of a n-gerbed tower appears in the theory of affine manifolds. An affine manifold (N, ∇ N ) is a differentiable manifold N , endowed with a connection ∇ N , whose curvature and torsion forms vanish identically. We say that the n-dimensional affine manifold (N, ∇ N ), is complete, if and only if it is the quotient of the affine space IR n , by a subgroup Γ N of Af f (IR n ) which acts properly and freely on IR n . L. Auslander has conjectured that the fundamental group of a compact and complete affine manifold is polycyclic. In [26] we have conjectured that a finite Galois cover of a compact and complete affine manifold is the domain of a non trivial affine map. This leads to the following problem: classify sequences (N n , ∇ Nn ) → ... → (N 1 , ∇ N1 ) where each map
is an affine fibration whose domain is compact and complete: This means that f i is a surjective map and each affine manifold (N i , ∇ Ni ) is a compact and complete affine manifold. The classification of affine fibrations has been done using gerbe theory (see [28] ). It is normal to think that composition sequences of affine manifolds are related to n-gerbes. We define a n-gerbed tower which appears naturally in this context. Characteristic classes are used in mathematics to study many objects, for example, Witten has used characteristic classes to study the Jones polynomial. This shows the necessity to give a geometric interpretation of characteristic classes. On this purpose, we have to interpret geometrically the integral cohomology of a differentiable manifold N . The theory of Kostant-Weil gives an interpretation of the group H 2 (N, IZ): It is the set of equivalence classes of complex line bundles over N . In [5] , is given an interpretation of H 3 (N, IZ) in terms of equivalence classes of Dixmier-Douady groupoids. Our theory enables us to interpret a subgroup of H n+2 (N, IZ) as the set of equivalence classes of a family of n-gerbed towers.
This is the plan of our paper:
The notion of gerbe. 3 .Notations 4. The notion of gerbed towers. 5 . Spectral sequences and gerbed towers. 6 . Applications of gerbed towers to affine geometry. 7 . Interpretation of the integral cohomology of a manifold. 8 A definition of a notion of sheaf of n-categories.
The notion of gerbe.
In this part we present the notion of gerbe studied by Giraud [11] .
Definitions 2.0. 1 . Let E be a category, a sieve is a subclass R of the class of objects Ob(E) of E such that if f : X → Y is a map of E, such that Y ∈ R, then X ∈ R.
Let f : E ′ → E be a functor, and R a sieve of E, we denote by R f , the sieve defined by
For each object T of E, we denote by E T , the category whose objects are arrows u : U → T , a morphism of E T between u 1 : U 1 → T , and u 2 : U 2 → T , is a map h :
A topology on E is defined as follows: to each object T of E, we associate a non empty set J(T ) of sieves of the category E T of E, above T such that:
(i) For each map f : T 1 → T 2 , and for each element
f induces a functor between E T1 and E T2 abusively denoted f ).
(ii) The sieve R of E T is an element of J(T ), if for every map f :
A category endowed with a topology is called a site.
A sheaf of sets L defined on the category E endowed with the topology J, is a contravariant functor L : E → Set, where Set is the category of sets, such that for each object U of E, and each element R of J(U ), the natural map:
Let h : F → E be a functor, for each object U of E, we denote by F U the subcategory of F defined as follows: an object T of F U is an object T of F such that h(T ) = U . A map f : T → T ′ between a pair of objects T and T ′ of F U , is a map of F such that h(f ) is the identity of U .
The category F U is called the fiber of U . For each objects X, and Y of F U , we will denote by Hom U (X, Y ) the set of morphisms of F U between X and Y • Definitions 2.0. 4 . Let h : F → E be a functor, m : x → y a map of F , and f = h(m) : T → U its projection by h. We will say that m is cartesian, or that m is the inverse image of f by h, or x is an inverse image of y by h, if for each element z of F T , the map
is bijective, where Hom f (z, y) is the set of maps g : z → y such that h(g) = f .
A functor h : F → E is a fibered category if and only if each map f : T → U , has an inverse image, and the composition of two cartesian maps is a cartesian map.
We will say that the category is fibered in groupoids, if for each diagram
and for each map m : U → V such that ψm = φ, there exists a unique map p : x → y, such that gp = f , and h(p) = m. This implies that the inverse image is unique up to isomorphism. Consider a map φ : U → V of E, we can define a functor φ * : F V → F U , such that for each object y of F V , φ * (y) is defined as follows: we consider a cartesian map f : x → y above φ and set
Remark that although the definition of φ * (y) depends of the chosen inverse image f , the functors (φψ) * and ψ * φ * are isomorphic • Definitions 2.0. 5 . A section of a fibered category h : F → E, is a correspondence defined on the class of arrows of E as follows: to each map f : U → T , we define a cartesian map:
where the functors f and g are fibered categories. We denote by Hom u (F, G) the subcategory of Hom(F, G) whose objects are functors v : F → G which verify gv = uf . The maps of this category are morphisms m : v → v ′ such that gm is the identity morphism of the functor uf .
We denote by Cart u (F, G), the subcategory of Hom u (F, G) whose objects are cartesian functors: These are functors which transform cartesian maps to cartesian maps • Let E be a category endowed with a topology J, and F → E a fibered category, for each object U of E, and each element R of J(U ) ,we consider the canonical functors E U → E, and R → E. We can define the set of cartesian functors Cart IdE (E U , F ) and Cart IdE (R, F ). There exists a canonical restriction functor
Definition 2.0. 6 . Let E be a category endowed with a topology, a sheaf of categories on E, is a fibered category F → E, such that for each sieve R, the cartesian functor Cart IdE (E U , F ) → Cart IdE (R, F ) defined at the paragraph above is an equivalence of categories • Proposition-Definition 2.0. 7 
.
Suppose that E is a topos whose topology is generated by a contractible covering family (U i → U ) i∈I , and h : F → E a fibered category in groupoids. For each map f : U → V of E, we consider the functor r U,V (f ) : F V → F U defined as follows: For each object y of F V , r U,V (f )(y) is an object x of F U such that there exists a cartesian map n : x → y such that h(n) = f . Consider the maps v 1 : U 1 → U 2 , and v 2 : U 2 → U 3 of E, the functors r U1,U2 (v 1 ) • r U2,U3 (v 2 ) and r U1,U3 (v 2 v 1 ) are isomorphic (see [11] ). The functor h : F → E is a sheaf of categories if and only if the correspondence U → F U = F (U ) satisfies the following properties:
(i) Gluing condition for arrows. Let U be an object of E, and x, y objects of F (U ). The functor from E U , endowed with the restriction of the topology J, to the category of sets which associates to an object f : V → U the set Hom V (r V,U (f )(x), r V,U (f )(y)) is a sheaf of sets.
(ii) Gluing condition for objects. Consider a covering family (U i → U ) i∈I of an object U of E, and for each U i , an object
, the restrictions of the arrows t i1i3 and t i1i2 t i2i3 are equal. There exists an object x of F (U ) whose restriction to 
If moreover the following properties are verified: (iii) There exists a covering family (U
which commutes with restrictions, and with morphisms between objects•
Classifying cocycle and classification of gerbes.
In this paragraph, we recall the definition of the classifying cocycle of a gerbe defined on the topos E and bounded by the sheaf L.
Definitions 2.1.1. -A gerbe F → E is trivial if it has a section. This means that F E is not empty. -Two gerbes F → E, and F ′ → E whose band is L, are equivalent if and only if there exists an isomorphism between the underlying fibered categories which commutes with the action of L. We denote by H 2 (E, L) the set of equivalence classes of gerbes defined on E bounded by L • Suppose that the topology of E is defined by the covering family (U i → U ) i∈I , the class of objects of F Ui is not empty, and each objects x and y of F Ui are isomorphic. Let (x i ) i∈I be a family of objects of F , such that x i is an object of F Ui . There exists a map u ij : x i j → x j i between the respective restrictions of x j and x i to F Ui×U Uj . We denote by u i3 i1i2 the map between the respective restrictions of x i2 and x i1 to F Ui 1 ×U Ui 2 ×U Ui 3 .
i2i3 is the classifying 2-Cech cocycle of the gerbe. If the band L is commutative, then the set of equivalence classes of gerbes over E whose band is L, is one to one with the Cech cohomology group H 2 (E, L).
Notations.
Let U i1 , ..., U ip be objects of a topos E, and C a presheaf of categories defined on E. We will denote by U i1..ip the fiber product of U i1 ,...,U ip over the final object. If e i1 is an object of C(U i1 ), e i1 i2. ..ip will be the restriction of e i1 to U i1...ip . For a map h : e → e ′ between two objects of C(U i1..ip ), we denote by h ip+1..i n the restriction of h to a morphism between e ip+1...in → e ′ ip+1...in .
Gerbed tower.
The purpose of this part is to generalize the notion of gerbe to the notion of gerbed tower. This notion will allow us to define, and to represent geometrically higher non abelian cohomological classes. In the sequel we assume known the notion of 2-category or bicategory defined by Benabou [1] . Recall that a 2-category C is defined by a class of objects Obj(C), and for each objects x and y of C, a category Hom C (x, y) called the category of morphisms. The objects of Hom C (x, y) are called 1-arrows, and the arrows are called 2-arrows. There exists a composition functor:
and
which satisfies more compatibility axioms which can be found in Benabou. We will suppose that c(u 1 , u 2 , u 3 , u 4 ) is the identity on objects. This implies that we can define the category C 1 whose objects are the objects of C, and such that for each pair of objects x, y of C 1 , Hom C1 (x, y) is the set of objects of Hom C (x, y). Let h : F → E be a gerbe. We can define the 2-category C(E, F ) whose objects are objects of F . Let x and y be a pair of objects of C(E, F ), an object of Hom C(E,F ) (x, y) is an arrow between h(x) and h(y). A 2-arrow between the objects x and y is a cartesian map between x and y. A bicategory C, endowed with a topology J, is a bicategory whose objects are toposes, and for each pair of objects x and y of C. The set of 2-arrows between x and y is contained in the space of continuous maps between x and y • Definition 4.0.2. A n-gerbed tower is defined by: 1. A family F n , F n−1 , ...F 2 , F 1 of 2-categories respectively endowed with topologies J n ,...,J 1 , and a family of 2-functors p l : F l → F l−1 , l ∈ {2, ..., n} which satisfy the following conditions: 2. F 1 is a gerbe p 1 : F → E, since we can assume that E is a 2-category such that for each objects U and V of E, the set of arrows between a pair of elements f and f ′ of Hom E (U, V ) is a singleton, we will often consider the sequence of 2-categories F n → ..F 1 → E. We suppose that the 2-arrows of F p , p ∈ {1, ..., n} are invertible. 3 . Let U be an object of F p , and l ≥ p a pair of integers inferior to n. We denote by F lp U , the 2-category whose class of objects is contained in the class of objects of F l , and such that V is an object of F lp U if and only if p p+1 ..p l (V ) = U . The category of morphisms Hom F lp U (X, Y ) between a pair of objects X and Y is the subcategory of Hom F l (X, Y ) such that the projections of 1-arrows of Hom F lp U (X, Y ) by p p+1 ..p l is Id U of U , and the projections of 2-arrows of Hom F lp U (X, Y ) by the same functor is the identity of Id U . We denote F l0U by F lU . We suppose that for each arrow f : U → V of E, there exists a restriction functor r l U,V (f ) : F lV → F lU such that for every map
, we suppose that the fiber of F ll−1 U l−1 is a gerbe defined on the topos U l−1 bounded by L lU l−1 .
5.
Let U 1l and U 2l be a pair of objects of F l , and u
l is a continuous functor between the topoi U 1l and U 2l . We suppose that for every object U ′ 2l of F l+1l U2 l there exists an object U ′ 1l of F l+1l U1 l , and a 2-arrow u
such that the following diagram is commutative:
This implies that for every 2-arrow v
l between the pair of objects U 2l and U 3l , for every object U ′ 3l of F l+1l U3 l , and every 2-arrow v 2 l * of F l+1 defined by the diagram above, there exists an automorphism over the identity c(u
since we have supposed that the 2-arrows are invertible morphisms of topoi • Definition 4.0. 3 . An ∞-gerbed tower, is a sequence of functors between 2-categories ...
1 → E, is defined by a family of 2-functors f l : F l → F ′ l such that for each l, the following diagram is commutative:
and for each object U l of F l , the induced morphism:
is a morphism of gerbes.
-The morphism defined by the family of 2-functors (f n , .., f 1 ) is an isomorphism, if and only if there exists a morphism between the gerbed tower F
Here L n is a fixed sheaf defined on E •
Non commutative cohomology of groups.
Let H be a group, V a vector space, Gl(V ) the group of linear automorphisms of V , and ρ : H → Gl(V ) a representation. To define the cohomology groups H n (H, V, ρ) of the representation ρ, one can consider EH the 1-Eilenberg-Maclane space defined by H, the representation ρ defines on EH a flat V -bundle whose holonomy is ρ. The cohomology groups H n (H, V, ρ), are the n-cohomology groups, of the sheaf of locally constant sections of this flat bundle. This motivates the following definition:
Consider the groups H and G, Aut(G) the group of automorphisms of G, and ρ : H → Aut(G) a representation. The representation ρ defines on EH a flat G-bundle p G . We denote by L pG the sheaf of locally constant sections of this bundle. We define H n+1 (H, G, ρ) to be set of weakly equivalence classes of gerbed towers of rank n F n → ..
The classifying cocycle of a gerbed tower.
Let f = F n → F n−1 → ...F 1 → E be a gerbed tower. We will define in this part the classifying cocycle of f . We suppose that the sheaves L 1 , ..., L n are commutative, and there exists commutative sheaves
where Aut(F l+1l h l+1 ) is the group of automorphisms of the object h l+1 whose image by p l+1 are elements of
Suppose that the topology of E is defined by the covering family (U i → U ) i∈I such that for each i, F 1U i is not empty, and its objects are isomorphic. Let u i be an object of F 1U i , and v i1i2 an arrow between u If we identify F 1 → E with a 2-category, then c i1i2i3 is a 2-arrow. Let u i1i2i3 be an object of the fiber F 21 u
. The property 5 of the definition of gerbed towers implies the existence of a 2-arrow
we can define the automorphism c i1i2i3i4 of the object u i1i2i3 i4 by:
each member of the right part of the previous equality can be supposed to be a morphism of the same object of Hom F2 (u i1i2i3 , u i1i2i3 ). The property 5 of the definition of gerbed towers implies that c i1i2i3i4 is an element of
The family c i1i2i3i4 that we have just defined is a 2-Cech cocycle.
Proof.
The Cech boundary of c i1i2i3i4 is:
The last sum is zero because the sheaf L 
The Cech boundary of c i1..i l+3 is: 
In particular this shows that the cohomology classes of the cocycles c l , 2 ≤ l ≤ n + 1 attached to the gerbed tower F n → F n−1 ... → F 1 → E are independent of the choices made to construct them.
To construct the cocycle c l+2 we pick elements c i1. . 
.F 1 → E is trivial if and only if there exists a gerbed tower
f n−1 = F ′ n−1 → F ′ n−2 → ..F ′ 1 → E and an element p ∈ {1, .., n − 2} such that F ′ l is F l if l ≤ p, F ′ p is an → .. → F 1 → E is zero.
Proof.
Let f n = F n → F n−1 → ...F 1 → E be a trivial gerbed tower, and
Suppose that the integer p of the definition above is n − 2, this means that if l ≤ n − 2, and F ′ l is F l . We denote by (L 1 , ..., L n ) the band of the gerbed tower F n → ...F 1 → E, and by L" n the sheaf such that the group Aut(F ′ n−1n−2 hn−1 ) of automorphisms of a 2-arrow h n−1 of the object U n−1 of
The map of L ′ n → L" n is defined by the restriction of the morphisms u * , where u ∈ L n−1 , and the map L n−1 → L n−2 is zero. This exact sequence gives rise to the commutative diagram:
is the identity, we deduce that the class [c n+1 ] of the classifying cocycle of the gerbed tower 
., c n+1 ). Consider an exact sequence of sheaves
Then there exists a gerbed tower F n+1 → F n ... → F 1 → E whose classifying cocycles are c 2 , ..., c n+1 , c n+2 , where c n+2 is a n + 1-cocycle whose cohomology class is the image of the class of c n+1 by the connecting map
) defined by the previous exact sequence.
Proof.
Let U n be an object of F n , and U n−1 its image by the projection map p n : F n → F n−1 . The topos U n is a L n -torsor defined over an object of the topos U n−1 since F nn−1 Un−1 is a L ngerbe defined on U n−1 . An object V n of F nn−1 Un−1 is a L n -torsor defined over an object U ′ n−1 of the topos U n−1 . This torsor is defined by a trivialization (V i ) i∈I , and coordinate changes u ij :
Without restricting the generality, we can suppose that the objects of F nn−1 Un−1 are L n -principal torsors. We define the fiber F n+1 Un to be the gerbe bounded by L n+1 defined on U n which represents the obstruction to lifts the L n -torsor p Un :
The objects of the category of morphisms Hom Fn+1 (U n+1 , U ′ n+1 ) between the objects U n+1 of F n+1n Un and U ′ n+1 of F n+1n U ′ n are the 2-arrows between U n and U ′ n of F n , the 2-arrows are the morphisms of torsors u 2 n+1 such that there exists a 2-arrow u 1 n : U n → U ′ n such that the following diagram is commutative:
We show now that F n+1 → F n ... → F 1 → E is a gerbed tower: Let U n be an object of F n , and U the object p 1 ..p n (U n ) of E. For each map f : V → U , we can define the restriction r n V,U (f ) : F nU → F nV . The restriction r n+1 V,U is defined on F n+1 Un by the pull-back of U n+1 by the arrow r n V,U (f ). The definition of F n+1 implies that for every object U n of F n , the gerbe F n+1 Un is bounded by L n+1 .
For every 2-arrow u
n is a morphism between the topoi U 1n and U 2n ) of F n , the functor u 2 n * is defined as follows: Without restricting the generality, we can suppose that U 1n is the trivial torsor to V 1 × L n and U 2n the trivial torsor V 2 × L n ; u 2 n is then a morphism of L n -torsors, u 2 n * is a morphism such that the following diagram is commutative:
The classifying cocycle of this gerbed tower is constructed by considering the automorphism c i1..in+2 of the object u i1..in+2 of F n+1 , that we suppose to be isomorphic to a trivial torsor V i1..in+2 × L n , the morphism c i1..in+2 can be lifted to an element c i1..in+2
* is the classifying cocycle of the gerbed tower. The cohomology class of this cocycle is the image of the cohomology class of c n+1 by the connecting morphism
5 Spectral sequences and gerbed towers.
The goal of this part is to apply spectral sequences to study commutative gerbed towers. Let E(L 1 , .., L n , ...) be an ∞-gerbed tower, where (L n ) n∈I N is a family of commutative sheaves defined on E. We suppose that the topology of E is defined by the covering family (X i → X) i∈I .
Definition 5.0.2.
An affinely locally trivial affine fibration, whose typical fiber is the affine manifold (F, ∇ F ), is an affine map f : (N 1 , ∇ N1 ) → (N, ∇ N ) which is the total space of a bundle whose fibers inherit from (N 1 , ∇ N1 ), affine structures whose holonomies is the holonomy of the affine structure (F, ∇ F ) •
We will restrict to the study of sequences (
is an affinely locally trivial affine fibration.
Let f : (N 1 , ∇ N1 ) → (N, ∇ N ) be an affinely locally trivial affine fibration whose typical fiber is the affine manifold (F, ∇ F ). We suppose that the affine structure of (N 1 , ∇ N1 ) is complete. This implies that the affine structure of (N, ∇ N ) is complete see Tsemo [27] . We can identify π 1 (N 1 ) with its image by the holonomy morphism of (N 1 , ∇ N1 ). Suppose that the dimension of N 1 and N are respectively n 1 and n. Let h : π 1 (N 1 ) → Af f (IR n1 ) be the holonomy representation of (N 1 , ∇ N1 ). We can write see Tsemo [27] IR n1 = IR n × IR p , and for each element γ of π 1 (N 1 ),
Where L 1γ and L 2γ are respective automorphisms of IR n and IR p , L 3 : IR n → IR p is a linear map, and l 1γ and l 2γ are respective elements of IR n and
is the identity of IR n , and l 1γ
is zero, and L 3γ is zero. We can identify π 1 (N ) to the set of affine transformations (L 1γ , l 1γ ). Let T F be the translation group of (F, ∇ F ), that is the group of affine automorphisms of (F, ∇ F ) whose elements lift to translations of IR p . Since the group π 1 (F ) is a normal subgroup of π 1 (N 1 ), the holonomy of (
The composition of the holonomy of (N 1 , ∇ N1 ), and the conjugation of Af f (F, ∇ F ) defined a flat bundle T F -bundle p ′ F over (N, ∇ N ) see Tsemo [27] . An isomorphism h : e → e ′ between a pair of locally trivial (F, ∇ F )-affine bundles e and e ′ defined over (N, ∇ N ), is an affine map h : e → e ′ which is an isomorphism of bundles which gives rise to the identity of p F . Given affine manifolds (F, ∇ F ) and (N, ∇ N ) and a flat Af f (F, ∇ F )/T F -bundle p F , we can define the first extension problem as follow: study the existence and classify affinely locally trivial affine fibrations f : (N 1 , ∇ N1 ) → (N, ∇ F ) which give rise to the flat bundle p F . 
Proof.
Gluing property for objects. Let (U i ) i∈I be an open covering of an open subset U of N , e i an object of C F (U i ), and 
Let U be an open subset of N , and e and e ′ a pair of objects of C F (U ). The respective restrictions e |Ui∩U , and e ′ |Ui∩U of e and e ′ to U i ∩ U are isomorphic to
An isomorphism h, of an object e of C F (U ), is an isomorphism of affine bundle which gives rise to the identity of the restriction of p F to U . The restriction of h to e |U∩Ui is an isomorphism h i of the trivial bundle U ∩ U j × (F, ∇ F ). The fact that h gives rise to the identity of p F , is equivalent to the fact that its restriction to a fiber yields to the identity of Af f (F, ∇ F )/T F . This implies that h i is a T F valued affine map, and h is a section of p 
..,(F n , ∇ Fn ) be affine manifolds. We are going to define a gerbed tower which will allow us to study the classification of sequences (
is an affinely locally trivial affine bundle).
Denote by T F l the group of translations of (F l , ∇ F l ). We suppose defined a flat Af f ( Let U be an open subset of N , and e l be an object of L lU , the band of L l+1 e l is the sheaf of sections of the T F l+1 -bundle p ′ e l defined on e l induced by p l , this sheaf does not depend of the objects chosen in the fibre L l+1 e l , since we have supposed that the 2-arrows depend only of N .
Consider 2-morphisms u p : e p → e ′ p , and u
We have defined in the paragraph above the proposition a morphism u p * . These morphisms satisfy u
is an automorphism of an object of the gerbe L p+1 e"p induced by the band • 7 Interpretation of the integral cohomology of a manifold.
Characteristic classes have been used by many mathematicians to study geometric objects. On this purpose, we have to give a geometric interpretation of the group H n (N, IZ) . This is what we propose to do in this part. It is a well-known fact that the group H 2 (N, IZ) is the set of equivalence classes of complex line bundles over N . Brylinski has defined an equivalence between the space of equivalence classes of complex line gerbes and H 3 (N, IZ). 8 n-categories, and sheaves of n−categories.
In this part, we will define a notion of sheaf of n-categories over a topos N .
Definition 7.0.1. A 0-pseudo-category is a set, a 1-pseudo-category C 1 , is a category. Suppose defined the notion of n-pseudo-category. An (n + 1)-pseudo-category C n+1 , is defined by, a class of objects Ob(C n+1 ), for each objects x, and y, the n-pseudo-category of morphisms Hom(x, y). For each objects u 1 , u 2 and u 3 of C n+1 , there exists a composition n-functor: Hom(u 2 , u 3 ) × Hom(u 1 , u 2 ) −→ Hom(u 1 , u 3 )
We suppose the existence of an object 1 x of Hom(x, x), such that for each arrow h : x → y, h • 1 x is isomorphic to h, and for each arrow h ′ : y ′ → x, 1 x h ′ is isomorphic to h ′ .
An isomorphism between the objects x and y of an n + 1−pseudo-category is a map f : x → y, such that there exists h : y → x such that hf is isomorphic to 1 x , and f h to 1 y .
A functor between two n-pseudo-categories C n and C ′ n , is defined as follows: (i) A map F : Ob(C n ) → Ob(C ′ n ), and for each arrow f : x → y, a morphism F (f ) :
(ii) A natural transformation between two functors F and F ′ , is defined by a family of maps u x : F (x) → F ′ (x) such that for each map f : x → y, u y F (f ) is isomorphic to F ′ (f )u x At this stage, we do not precise the gluing datas.
Definition 7.0.2.
A 0-sheaf of sets defined on N , will be a sheaf of sets. Suppose defined the notion of sheaves of n − 1-pseudo-categories. A sheaf of n-pseudo-categories, will be defined by the following data: for each pair of objects U and V of N , and a map h : U → V , a restriction functor r Cn U,V (h) : C n (V ) → C n (U ) such that for each triple of objects U 1 , U 2 and U 3 , there exists an isomorphism c(U 1 , U 2 , U 3 ) between r 
